In this paper, the quantification of uncertainty effects on the variability of the non-linear response in rotor systems with multi-faults (such as unbalance, asymmetric shaft, bow, parallel and angular misalignments) is investigated. To take account of uncertainties in this kind of non linear problem, it is proposed to use the Harmonic Balance Method (HBM) with a Polynomial Chaos Expansion (PCE). The efficiency and robustness of the proposed methodology is demonstrated by comparison with Monte Carlo Simulations (MCS) for different kinds and levels of uncertainties.
Introduction
During a phase of preliminary design of dynamic systems such as rotors, many physical parameters can have a significant influence on the vibration response of the system. Also, some features (such as unbalance, misalignment, bow, asymmetric shaft, etc) that can generate linear or non-linear responses need to be taken into account to avoid unexpected vibrational amplitudes and worst design for a rotor system. A state of the art of faults in rotating machinery can be found in [1] :
• Rotor unbalance is one of the most current faults in a rotordynamics problem. This phenomenon is due to the fact that the center of mass of a disc or a shaft element is not on the axis of rotation of the system. It is generally modeled by an eccentric mass which generates a synchronous force.
• Misalignment in coupling is a common fault in rotating machinery, nevertheless this phenomenon remains incompletely understood. It can be noted that there are two cases of misalignment, firstly the parallel misalignment occurs when two shafts have a relative displacement, secondly the angular misalignment occurs when it exists an angular fault between two shafts of a rotor system. The presence of a misalignment generates reactions forces and moments in the coupling which are source of vibrations. Consequently the dynamic behavior of the system depends of the characteristics of the coupling. An other distinction have to be done between flexible coupling (such as universal joint) and rigid coupling. Xu and Marangoni [2, 3] present a theoretical model and experimental validation for a flexible coupling. Theoretical development for a rigid coupling can also be found in [4] . An other modeling has been developed in [5, 6] : Lees presents a simple model of a rigid coupling system with a parallel fault and investigates the influence of misalignment on the dynamic behavior of the system.
• The asymmetry is an other common fault in a rotor problem. Usually this fault can be due to the geometry of the shaft or due to the presence of a crack. Numerous studies have been done to take account of the presence of a crack, and the breathing behavior of the cracked rotor [7, 8] . Mathematical development for an asymmetric shaft cross-section has been developed by Oncescu et al. in rotating frame [9] or by Lalanne and Ferraris in fixed frame [10] .
• The bow is an initial deformation of the rotor which can be caused by different factors. In [11] , Pennacchi presents different sources of bow such as gravity effects on off-line machines or thermal effects. An asymmetric thermal distribution can be localized on an element (local bow) or all parts of the rotor (extended bow). Darpe [12] proposes to investigate the influence of a bow on the dynamic response of the rotor system with other kinds of faults such as unbalance and crack.
• Other kinds of faults exist, such as rubs or ovalization errors [13] , but they will not be studied in this paper.
As previously mentioned, all these faults can significantly reduce the life time of a rotating machine. Even if usually the main aim of research studies is to locate individual faults in machine operation, this study proposes to demonstrate the capability to include the treatment of uncertainties in multi-faults in the dynamic analysis of a rotor system, believing that this goal should be useful in the design stage of a machine. For example, some physical parameters may vary in an uncertain way during the manufacturing monitoring or the use process (like flight or others) and so the response may change also in one uncertain way. So, the novelty of the present paper is to propose a formulation of dynamical systems such as rotor with multi-faults, which includes uncertainties in physical parameters. Thus, the goal is to allow an estimate of the overall nonlinear dynamic responses generated by these considerations. Considering this, there are different methods to take account of uncertainties in this kind of problem such as perturbation method, Monte Carlo simulations or Polynomial Chaos Expansion. The perturbation and Neumann methods based respectively on the expansion of random quantities into Taylor series [14] and Neumann series [15, 16] , provide acceptable results for small random fluctuations but are not adapted for solving a dynamic problem close to resonance frequency. The Monte Carlo simulations (MCS) is well adapted to include uncertainties in a deterministic finite element model by generating samples of the random parameter. Nevertheless MCS have a high computational cost due to the fact that a high number of samples is necessary to have convergence of this method. The Polynomial Chaos Expansion (PCE) [17] is a method based on the representation of the stochastic processes and variables in a set of orthogonal bases of random variables. This method has shown to be a successful approach to solve uncertainty quantification problems that is why it is used in the present study.
So the objective of the present study is to propose a methodology to undertake the effects of uncertainties on the non-linear dynamic response of a rotating machinery with multi-faults. The present paper is organized as follows: in a first part, a brief description of the rotor system is given. Then the different faults in rotating machine studied in this paper are presented. As previously explained, the novelty in the attempted work appears in the formulation of such rotor system model that includes the uncertainties in physical parameters. So the second part of the paper presents the methodology of the Polynomial Chaos Expansion (PCE) with the Harmonic Balance Method in order to estimate evolutions of the n× amplitudes and the global non-linear responses of a rotor system with multi-faults and uncertainties. Then, the expansions of the random quantities for all the models of faults of the rotor system are presented. Finally the efficiency of the method is demonstrated through various numerical simulations and a comparison of the results obtained via Polynomial Chaos Expansion (PCE) and via Monte Carlo Simulation (MCS).
Rotor system

General equation of a rotor system
The system under study is illustrated in Figure 1 . The rotor consists of a shaft with two discs. The shaft is discretized into 10 Euler beam finite elements with four degrees of freedom at each node, with an asymmetrical section on the elements 3, 4 and 5 and a constant circular section on the other elements. Two bearing supports are added at each end of the rotor. All the values of the parameters are given in Table 1 . After assembling the shaft elements, the discs and the bearing supports, the equation of motion of the complete rotor system is given by:
where M and G are the mass and gyroscopic matrices of the system. K s and K b are respectively the stiffness matrices of the asymmetric shaft and the bearings. C is the damping matrix of the shaft. f are the forces applied on the system including gravitational forces, unbalance forces and forces due to faults.ẍ,ẋ and x are the acceleration, the velocity and the displacement of the degrees of freedom Transversal stiffness of bolt k b 13 × 10 3 Nm −1 Table 1 : Model parameters of the rotor system. ω is the rotating speed of the shaft. It should be noted that all these matrices are expressed in the fixed frame, their construction will be detailed in the following parts of the paper.
Faults in rotating machinery
In this paper it has been chosen to investigate the most current faults in a rotor system. Four kinds of faults are studied here: an unbalance rotor, an asymmetric shaft cross section, a bended shaft and a misalignment fault. In this section the rotating and fixed frames are respectively noted R(X, Y, z) and R 0 (x, y, z), and are linked by the following basis change matrix defined as 
Unbalance
The unbalance is one of the most common fault in a rotor problem. It appears when the center of mass of a shaft element or a disc is not on the axis of rotation of the system. So this fault is usually modeled by an eccentric mass on a disc or on the shaft, as illustrated in Figure 2 .
For the degrees of freedom [v w θ ψ]
T of a disc, the eccentric mass can be modeled by the following forces system 
where m e and d e are respectively the mass unbalance and the eccentricity. ψ u defines the initial angular position in relation to z-axis.
Rotor asymmetry
The shaft cross-section of the elements 3, 4 and 5 is asymmetric. The geometry of the section is given in Figure 3 . Consequently the asymmetric section has different principal moments of inertia in rotating frame (X a , Y a , z) which are given by the following expressions
After calculations, we obtain where α, R and h define the angle, the radius and the depth of the asymmetric section as illustrated in Figure 3 .
In the following part of this section, the stiffness and mass matrices due to this rotor asymmetry will be calculated by using expressions of the strain and kinetic energies.
Strain energy
The nodal displacement vector is defined as δ f ix = [v 1 w 1 θ 1 ψ 1 v 2 w 2 θ 2 ψ 2 ]
T in fixed frame or δ rot = [
T in rotating frame (see Figure 4 ).
The strain energy of the shaft element is defined as
where V and W are the displacements in rotating frame. l is the length of the element. E is the Young modulus. Shear effects are neglected. By using the following relations V = cos(ωt + ψ a )v + sin(ωt + ψ a )w W = − sin(ωt + ψ a )v + cos(ωt + ψ a )w
with v and w the displacements in fixed frame, the strain energy can be rewritten as follows l 2 . After calculations, the strain energy can be expressed as follows (12) where the stiffness matrix K e is defined in fixed frame as 
The expressions of K 
where l is the length of the shaft element.
Kinetic energy The kinetic energy of the shaft element is defined as
where ω X , ω Y and ω are the angular velocities of the shaft element and can be approximated as [10] 
After calculations, the kinetic energy can be rewritten as follows
By using the shape functions and after integration of the previous equation, it leads to express the gyroscopic matrix and the mass matrices.
The gyroscopic matrix is defined as
The elementary mass matrix is defined in fixed frame as 
The expression Mt 
Figure 5: Coordinate system of the bow
where ρ is the density.
Rotor bow
In this section, the study of the rotor in the presence of an initial deformation of the shaft is proposed. This deformation that is illustrated in Figure 5 , is defined in fixed frame as x 0r , so the equation of the dynamics problem is given by
where M r , D r and K r are respectively the mass, the damping and the stiffness matrices expressed in the rotating frame. The subscript r denotes the fact that the quantity is expressed in the rotating frame. For the reader comprehension, the deformation x 0r in rotating frame
where x 0 (k) r are the displacements of the k th node in R b . Consequently the initial deformation can be modeled as a force defined by
In the present paper, it has been chosen to study a bowed rotor which has the geometric properties Figure 6 : Model of parallel misalignment presented in Figure 5 . Consequently
where R 0 is the maximum of amplitude of the bow.
Finally the force f b r is expressed in the fixed frame by using the basis change matrices between the rotating frames R b (X b , Y b , z) and R 0 (x, y, z). So after calculations this force f b r can be rewritten as synchronous rotating forces defined in the fixed frame by
Misalignment
Parallel misalignment In this part, the modeling proposed by Lees in [6] is used. The coupling of the two parallel rotors of relative displacement δ p , is composed of N bolts. On the first shaft the bolts are distributed on a circle of radius r, on the second rotor the bolts are distributed on a same circle with an offset δ p from the axis of rotation. This configuration is illustrated on Figure 6 . In the present study it will be considered that the two rotors are acting at the same rotation speed. So the torsional deflection is not taking into account. The relative displacement is only considered in the vertical direction. The initial configuration of the coupling composed of N = 3 bolts is defined in Figure 7 .
Due to the geometry of the coupling the extremities of each bolt have different trajectories. Consequently during a rotation of the coupling system, the energy stored in each bolt will evolve. This energy can be calculated with the trajectories of the bolt extremities and depends on the stiffness k b of bolt in x-direction and the y-direction.
For the first disc, the trajectory −−−→ O 1 M j 1 of the j th bolt (for j = 1, 2 or 3) is defined in rotating frame as T of the shaft extremity, these trajectories can be rewritten as
For the second disc, the trajectory of the j th bolt (for j = 1, 2 or 3) is defined in rotating frame as
or in fixed frame as
and By using the previous equations, the strain energy can be expressed as
After summation on each bolt of the same properties, the total strain energy due to the parallel misalignment can be rewritten as
Finally the Lagrange's equation is applied to the degree of freedom [v c w c θ c ψ c ] T of the shaft extremity. Consequently after calculations, it results that the presence of a coupling with a parallel misalignment leads to add to the previous system: a stiffness component due to the coupling which is defined as
and a synchronous force due to the misalignment
Angular misalignment The proposed model of angular misalignment is illustrated in Figure 8 . It is composed of two discs with an angular fault α m and N = 3 bolts. The first bolt has a stiffness k + k ′ in z-direction and the others bolts have a stiffness k. In the following part, an approach similar to these developed in the case of a parallel misalignment is proposed. The position − −− → OM j 1 of the left extremity of the j th bolt (with j = 1, 2 or 3) is identical to the development given in Equation (32). Then, the second shaft have an angular fault α m in x-axis as illustrated in Figure 8 . Consequently the position
Assuming that the angular α m is small, the following approximations cos(α m ) ≃ 1 and sin(α m ) ≃ α m can be done. So the position
Consequently the strain energy of one bolt can be rewritten as
So the strain energy for all bolts is defined as
which after calculations gives the following expression
Finally by using the Lagrange's equation, it is possible to show that an angular misalignment fault can be modeled with a parametric stiffness and a force component. The expression of the stiffness matrix is similar to the development for an asymmetric shaft. The final expression of this stiffness matrix K m 2 is defined as follows
The angular misalignment force is given by
Final expression
Finally the equation of motion of the complete system, that has been previously defined in Equation (1), is rewritten as
with
M, K and D are the global mass, stiffness and damping matrices. They are determinated by assembling the shaft elementary matrices M e , C e , G e , K e , K m 1 and K m 2 . f is defined by assembling the different sources of external forces such as unbalance, misalignment reaction force, bow and gravity.
In this study, the damping is given as follows
where α d and β d are the damping coefficients and C is the Rayleigh damping matrix. For the interested reader, it may be remained that the damping is overwhelmingly in the bearings in large machines on oil film bearings. In this case, more complex representations of damping need to be taken into account [18] .
Non-linear dynamic response of the rotor system with uncertainties
The fault parameters can be partly unknown, consequently, to model them correctly, the choice has been to take these uncertainties in the model of each one developed in the previous section. Then, the response is uncertain and we chose to model it via the Polynomial Chaos Expansion. So, the aim of this section is to mix the Harmonic Balance Method and the Polynomial Chaos Expansion to obtain the non-linear response of a rotor with uncertain parameters. In a first part the Harmonic Balance Method which is one of the mathematical approaches to solve equations with nonlinear terms is presented. In a second part, the random character of the fault parameters will be investigated through stochastic model of each fault. Then a methodology will be proposed to take into account the uncertainties in this kind of problem by using a Polynomial Chaos Expansion with the Harmonic Balance Method.
Deterministic problem
Due to the presence of faults, the rotor system is subjected to periodic excitation. So the response x(t) and the excitation f(t) can be expressed as finite Fourier series of order m [19]
and
Consequently the amplitude of the n th response is defined as |A n + iB n | with i the complex number. By substituting the previous equations in the rotor system equations, it leads to solve a linear system of size (2m + 1)n dof where n dof is the number of degrees of freedom
with L, X and f are defined as
(59) I 1 , I 2 and I 3 are respectively the contributions due to the constant terms, the parametric terms of the stiffness and the parametric terms of the mass.
In our study, some coupling terms appear due to the parametric stiffness (see Section 3.1.2). So an excitation of n× induces an evolution of the n − 2 and n + 2 super harmonic responses. Consequently the truncation order of the non-linear response (54) has to be chosen in order to show this phenomenon. In this paper the m th order is equal to 4. In the following sections, definitions of the terms I 1 , I 2 and I 3 are investigated.
Constant terms -Definition of I 1
Considering the constant terms of the left side of the equation of motion of the complete rotor system defined in Equation (49), it leads to the following ormulation
By using Equations (54-55) in Equation (60) and after calculations, the formulation can be written as the linear expression I 1 X with
Parametric terms -Definition of I 2 and I 3
The non-constant terms of the left side of the equation of motion defined in Equation (49) can be rewritten such as follows
The displacement x and the accelerationẍ can be expressed as truncated Fourier series. By using the definition of x(t) given in Equation (54) in Equation (62), the parametric stiffness system can be rewritten as
Considering a truncation of order m, the previous system can be written as the linear system I 2 X = 0 where 
Similarly, using the following expression of the acceleration,
one development on the parametric mass system can be done to Equation (63) which leads to linear system I 3 X = 0 where . . .
Uncertainties on n× Harmonic response via the Polynomial Chaos Expansion
Since the material and geometrical properties of the rotor and the excitation force are taken as uncertain, we need to model the response in a stochastic way. Material and geometrical properties are calledM(τ ),D(τ ) andK(τ ), the excitation force is written asf (τ ), then Equation (56) can then be rewrittenL
where argument τ denotes the random character and
andĨ i (τ ), i = 1 to 3, depend on the material and geometrical properties of the rotor. Each uncertain quantity (material, geometrical or fault parameter of the rotor) is modeled by implementing the Karhunen-Loeve expansion in the Galerkin formulation of the finite element method [17] , it gives :ã
for one uncertain quantityã (scalar or matrix), where {ξ 1 , ...ξ L } is a set of orthonormal random variables, the notation a refers to the mean of the quantityã and a l is its lth Karhunen-Loeve expansion term. Integrating these models intoĨ i (τ ), quantitiesL(τ ) andf(τ ) can then be expressed on a basis of orthogonal random variables, the Polynomial Chaos basis (details will be given in the following subsection) such thatL
where Ψ j (ξ(τ )) are multidimensional Hermite polynomials and where L i (i = 0 to ∞) are obtained by identification with I 1 (τ ), I 2 (τ ) and I 3 (τ ). Finally, the response has to be also expanded on the Polynomial Chaos basis such as
where X j is the unknown deterministic j th vector associated with Ψ j (ξ(τ )) and ξ = {ξ r } [17, 20] . So the system to be solved, when expanded on the polynomial chaos basis, becomes
that can be rewritten as
Projecting the system of equations on the subspace spanned by
where E{} denotes the operation of mathematical expectation. It should be noted that, in practice, the expansion can be truncated after the P th term. P is the total number of polynomial chaoses used in the expansion excluding the 0 th order term and can be determined by P + 1 =
in which p is the order of homogeneous chaos used and r is the number of random variables. Linear system Equation (76) to be solved in practice is then given bŷ
with componentsL
and whereX
It should be noted that coefficients E{Ψ i Ψ j Ψ k } and E{Ψ 2 k } only have to be calculated once.
Uncertainties in multi-faults rotor system
It is difficult to model accurately faults in a deterministic way. We then chose to model them in a stochastic way. Here, we present one model for each treated fault.
Unbalance
We consider the parameters m e and ψ u as stochastic. From Equation 70, they can be developed as followingm
(81) where ξ 1 and ξ 2 are Gaussian random variables. Unbalance massm e is defined by its mean m e and its variation coefficient δ m ; angular position of the forceψ u has mean 0 and standard deviation σ ψu . By substituting Equations (80-81) in Equation (3), also valid in the stochastic domain, unbalance forcef d can be rewritten as
Using
(83) (84) and assuming that
the unbalance force can be rewritten such as follows 
Finally, the uncertain loading can be expanded on the polynomial chaos basis as
where R is the number of the polynomial chaoses and parametersf Table 3 for the case of TwoDimensional Polynomial Chaoses). 
Rotor asymmetry
Material parameters and geometrical properties can be often subject to uncertainties. Then, we can model Young modulus and the stochastic depth of the asymmetry as random. From Equation (70), we can write :Ẽ
where ξ 3 is one Gaussian random variable, E and δ E is the mean and the variation coefficient of the Young modulus respectively. The uncertain geometrical property considered here is one characteristic of the asymmetric shaft cross section : the depth of the asymmetry, as illustrated in Figure 9 . Then, following again Equation (70), we have :
where ξ 4 is one random Gaussian variable, h and δ h the mean and the variation coefficient of the depth. Let us denote
since we can write Equation (91) ash(τ ) = h + h ′ . h and h ′ are presented in Figure 9 for one ξ 4 given. Consequently, the moments of inertia are stochastic quantities and are defined bỹ Figure 9 : Uncertainty on the shaft section I X and I Y are deterministic moments defined by Equations (6-7). Substituting Equation (92) in Equation (93) and after developing these equations, we havẽ
which can also be expanded as
After one identification procedure between Equation (95) and Equation (96), we obtain components I X i and I Y i given bỹ
It yields the stochastic expressions of the mean and deviatoric moments of inertiã
Introducing stochastic expressionsẼ,Ĩ m andĨ d (Equations (90), (99), (100)) in the deterministic expressions of the elementary stiffness matrices given by Equations (14-16) and also valid for stochastic quantities, the stochastic elementary stiffness matrices are given bỹ
Then, after assembling the elementary matrices, the stiffness matrices of the structure are given bỹ
where the componentsK 0 ij ,K c ij andK s ij are constructed by assembling the matricesK
Rewriting the developments of the stiffness matrices (Equation (103)) onto a polynomial chaos basis yieldsK
where n is the number of Hermite polynomials.K 0 j ,K c j andK s j are the rearrangement ofK 0 ij ,K c ij andK s ij on the polynomial chaos basis and are obtain after one identification procedure between the two bases. Similarly, we obtain from the deterministic expressions of the elementary mass matrices given by Equations (23-25) and also valid in the stochastic domain, the following expressions of the stochastic mass matricesM
where coefficients of the expansions are given bỹ
After assembly and identification procedures, the mass matrices can completely be defined bỹ
Finally, the linear system to solve is given by Equation (68) with Equation (69). However, Equation (69) can be rewritten asL
whereL j =Ĩ 1 j +Ĩ 2 j +Ĩ 3 j . ComponentsĨ i j , i = 1 to 3, can be constructed by one identification procedure between Equation (69) with Equations (61), (65), (67) also valid in the stochastic domain and the following expansions ofĨ i , i = 1 to 3, on the Polynomial Chaos basis :
Rotor bow
In this model of bowed shaft, the parameters which seem the most subjected to uncertainties are the amplitude and the phase of the bow. Considering the uncertainties on the phase of the bow, a mathematical development similar to that exposed for the unbalance force can be used. Then, we chose to investigate the random character of the amplitude parameterR 0 alone defined bỹ
where ξ 5 is one random Gaussian variable and σ R is the standard deviation of the amplitude of the bow. We know that the deterministic equivalent force f b is expressed as one linear function of R 0 from Equation (30) with Equations (28) and (29). Therefore,f b (τ ) verifies the same relation with R 0 (τ ) in the stochastic domain :
Substituting Equation (110) into Equation (112) and using α from Equation (111) gives
Misalignment
Parallel misalignment The uncertain parameter in this modeling is the relative displacementδ p which can be defined asδ
where ξ 6 is a random Gaussian variable and σ δp is the standard deviation of the amplitude of parallel displacement. Substituting Equation (114) in Equation (40), the synchronous force due to the parallel misalignment can be defined byf
wheref
Angular misalignment Uncertainties can also occur in the determination of the angular fault α m which needs to be modeled in a stochastic way. Let ξ 7 be one random Gaussian variable, the angular faultα m is defined byα
where σ αm is the standard deviation of the angular fault. Finally, substituting Equation (117) in Equation (48), the moment due to the coupling misalignment can be expressed as
Numerical results
In this section, the effects of uncertainties on the dynamic response of a rotor system with faults are quantified via the Polynomial Chaos Expansion method. The random dynamic response of the rotor system is defined by its mean value and its variance, besides the envelope of the random response is presented. It is constructed by calculating the maximum and the minimum of all the responses computed by the PCE approach from samples generated following the random law of each input parameter.
The basic deterministic parameters used in all cases are given in Table 1 . For the reader comprehension, the initial deterministic rotor system includes multi-faults such as unbalance, asymmetric shaft, bow, parallel and angular misalignments. In addition to this deterministic formulation, uncertainties on the different sources of fault are investigated (see Table 4 for the values of parameters and the order of the PCE taken). For the reference solution computed from the Monte Carlo Simulations the number of samples is taken equal to 1000. The PCE envelope is constructed with 20000 samples. All the results detailed in this section are presented for a rotor frequency evolution from 5 Hz to 275 Hz with 400 points of discretization.
Stiffness uncertainties
In this part, we consider the uncertainty present on the stiffness properties of the rotor. The variation coefficient on the Young modulus is taken as δ E = 5%. Computations are done with the MCS and the PCE approaches. Figure 10 presents the mean and variance of the Frequency Response Functions (FRF) of the n× amplitudes (for n=1,2,3 and 4) and the global non-linear response (at node 6 in x-direction) for case 1. It is observed that the mean and variance of the n-FRF, obtained by applying the PCE, are very similar to those of the MCS. Figure 11 presents all the FRF samples obtained by MCS compared to the envelope built by PCE. It can be noted that the contributions of 3× and 4× super-harmonic components are very small (respectively 10 −7 m and 10 −9 m of maximum Table 4 : Sets of parameters amplitude), so the global response is mainly due to the 1× harmonic and the 2× super-harmonic components (respectively 10 −2 m and 10 −4 m of maximum amplitude) as illustrated in Figure 11 (f). For this example the computational cost of the two methods have been compared and it shows that the Polynomial Chaos Expansion is 40 times faster that the Monte Carlo Simulations.
In this study, the PCE calculations are done with a chaos order equal to 2. It is observed that the difference between both PCE and MCS methods for this order is not significant either for the mean or the variance. However, a better accuracy on the model especially around critical speeds, will be obtained with a higher order than 2, but it would increase significantly the CPU time. Therefore, we consider the PCE approach with order 2 sufficient and it will be used for all computations.
Uncertainties in the unbalance force
The effects of uncertainties in the unbalance force are now studied. Variation of 5% on the mass unbalance (δ m ) and variation of 0.06 rad on the angular position (ψ u ) are considered. Figure 12 shows the mean and the variance of the MCS and the PCE results for the n× amplitudes of the rotor system (with n=1,2,3 and 4) and the global non-linear response. As previously observed for case 1, the results obtained by the PCE formulation are similar to those of the MCS. Due to the fact that comparisons of the mean and the variance for the MCS and the PCE processes will give the same results for the cases 3, 4, 5 and 6 (i.e. the mean and the variance for the MCS and PCE results will be similar), these representations will not be given in the following part of the paper in order to avoid repetitive informations.
Then, Figure 13 shows the Frequency Response Functions for the global non-linear response and the n× super-harmonic component (for n = 1, . . . , 4) for both MCS and PCE methods. A very good agreement is obtained between the results from the MCS and the PCE: all the MCS results are bounded by the lower and upper envelopes that have been obtained by applying the PCE process. As expected, these random parameters influence mainly the 1× response. However, due to the coupling terms of asymmetry, evolution of the 3× super harmonic components is also observed. Indeed, coupling terms between the 1× and 3× contributions are presents in the expressions of I 2 and I 3 (see Equations (65) and (67)). So a variation on the terms of unbalance causes a variation on the terms of order 3 (see Figure 13 where it is shown that variations of the n× amplitudes are only present for the first and third orders of the response. For the static component, the second and fourth orders, the variations of the response amplitudes are negligible (equal to zero if we consider the numerical errors inherent in calculations). 
Uncertainties in the asymmetric section properties
In this subsection, we are interested in the effect of variations on the properties of the shaft crosssection that is through h the depth of the asymmetry and δ h equal to 3% is taken. Figure 14 Figure 14 (e) shows that variations on the global non-linear response are small too due to the fact that 1× harmonic component represents the predominant vibration of the global non-linear response. Indeed, it is interesting to note here that a variation in the depth of the asymmetry causes significant changes to the contributions of the matrix I 2 (see Equation (65)), while it has little impact on the responses of order 1 because its contribution in the expression of the matrix I 1 (see Equation (61)) is not predominant. We recall here that the presence and the variations observed for the 0×, 2×, 3× and 4× harmonics are due to the relations between the different contributions (i.e. static terms and the terms of orders 2, 3 and 4 given in the analytical expressions of Equation (65)).
Uncertainties in bow characteristics
Now, we present the impact of the presence of uncertainties on the parameters characterizing the extended bow. A variation of the bow amplitude R 0 is considered with a standard deviation σ R of 10 −5 m. Figure 15 shows the n-FRF for the MCS and the PCE method (with n=1,2,3 and 4). Figures 15(a), 15(c) and 15(e) indicate no variability on the 0×, 2× and 4× super harmonic components whereas Figures 15(b) and 15(d) show a high variability on the 1× and 3× super harmonic components due to uncertainties in bow characteristics. For the reader comprehension, it is recalled that deterministic multi-faults such as unbalance, asymmetric shaft, bow, parallel and angular misalignments are present in the initial rotor system. Indeed, coupling between the 1× and 3× harmonic components exists, as indicated in the expressions of I 2 and I 3 (see Equations (65) and (67)). So a variation of the bow characteristics that generates a variation of the 1× (as previously indicated in Equation (40)) causes also a variation on the terms of order 3. For example, at the first 1× critical speed (28.7 Hz), it is observed variation from 9.3 × 10 −5 m to 4.5 × 10 −3 m for the 1× harmonic component and variation from 2.4 × 10 −11 m to 1.2 × 10 −9 m for the 3× harmonic component. Interpretations of these results are similar to the explanations given for unbalance force due to the fact that the forces that model the bow are acting as 1× component and consequently affect the 1× and 3× non-linear responses via the coupling terms between odd terms of Equation (65). Moreover, a high variation of the antiresonance position is observed (as illustrated in Figure 15 (b)). It illustrates the fact that the addition of an initial deformation modifies the dynamic response and particularly the position of the minimum of amplitude on the shaft, especially when the initial bow is opposed to the deformation due to unbalance. This phenomenon is illustrated on the first critical speed on the Monte Carlo Simulations : for higher amplitudes than deterministic response, there is no antiresonance (same direction for bow and dynamic deformations) while for lower amplitudes, an antiresonance appears (opposite direction for bow and dynamic deformations).
Uncertainties in misalignment
In this part two cases are studied: the first case deals with an uncertainty on the parallel misalignment fault δ p for a standard deviation σ δp of 10 −4 m and the second case deals with an angular misalignment α m for a standard deviation σ αm of 5 × 10 −4 rad. Figure 16 gives the n× super harmonic components (with n=1,2,3 and 4) and the global non-linear response by using the Monte-Carlo simulations. The upper and lower envelopes that have been calculated by applying the PCE method are also indicated. Firstly, a small variability of the 1× harmonic component is observed, due to the excitation of the first order given by the parallel misalignment (see Equation 40 ). Secondly, a very small variation of the Frequency Response Functions of order 3 appears. As explained in the previous paragraphs, the origin of this phenomenon is due to the coupling terms between the first and third orders in the matrices I 2 and I 3 , as seen in Equations (65) and (67).
Then, Figure 17 shows the n× harmonic components (n=1,2,3 and 4) and the global non-linear response for a parallel misalignment via Monte-Carlo simulations for an angular misalignment. The lower and upper envelopes via the PCE method are also given for all the Frequency Response Functions of the n× super-harmonic components (n = 1, . . . , 4) and the global non-linear response. Here again, the PCE approach is validated by the Monte-Carlo simulations. It is clearly shown that the 2× super harmonic component has a high variability due to the fact that the angular misalignment forces are acting as 2× component (see Equation 48 ). Moreover, variabilities of the 0× and 4× harmonic components can be observed due to the coupling terms in Equations (65) and (67) between the static components, the second and fourth orders.
Finally, differences between the results obtained for the variability of the parallel misalignment and angular misalignment fault are clearly observed (see Figures 16(a) , (c) and (e) and Figures 17(a) , (c) and (e)). It can be concluded that the variability of an angular misalignment has important effects on the contributions of the 0×, 2×, and 4× super-harmonic components, whereas an parallel misalignment affects only slightly the 1× responses of the rotor system.
Uncertainties in multi-faults
The main objective of this part of the paper is to demonstrate the efficiency of the new procedure (i.e. the combination of the Harmonic Balance Method and the Stochastic Finite Element Method using the Polynomial Chaos Expansion) when uncertain quantities come from all the parameters simultaneously. Case 7 deals with variations of mechanical properties of the shaft (with a variation coefficient of the Young modulus δ E = 2%), an unbalance excitation (with a variation coefficient mass unbalance δ m = 2% and a standard deviation of the angular position σ ψu = 0.03 rad) and a bow amplitude (with a standard deviation of the bow σ R = 10 −5 m). For the case 8, parallel and angular misalignments of 10 −4 m and 5.10 −4 rad respectively are added to the previous case. All the uncertainties on the different sources of fault are given in Table 4 .
The mean and the variance of the n× harmonic components (n=1,2,3 and 4) and the global nonlinear response for both methods MCS and PCE are presented on Figure 18 for case 7 and on Figure 20 for case 8. Figures 19 and 21 show the n-FRF, the global non-linear response and the upper and lower envelopes via the PCE method, respectively for case 7 and case 8. The results of the global non-linear amplitudes and the n× harmonic components via the Monte-Carlo simulations are also given in gray lines in Figures 19 and 21 . These results given for variations on material and geometrical parameters, excitations and faults characteristics show that the mean and the variance of all the responses as well as the upper and lower PCE envelopes agree very well with the Monte Carlo samples. So it proves the efficiency of the PCE method to evaluate the non-linear response of a rotor system in presence of multi-faults such as unbalance, misalignment, bow and asymmetric shaft. For these two examples, the computational cost of the Polynomial Chaos Expansion increases significantly due to the fact there is several random variables. So it increases the size of the Polynomial Chaos basis and consequently the size of the linear system to solve Equation (77). For cases 7 and 8, the chaos order is taken equal to 2 for all random quantities, consequently the Polynomial Chaos basis size is equal to 21 and 36 respectively.
Figures 19(b,f) and 21(b,f) show that for these two cases the global non-linear displacement is mainly due to the first harmonic contribution. We recall that the appearances of the various components (i.e. evolutions of the mean and variance for the 1×, 2×, 3× and 4× components) are due to the presence of all the faults in the system, which creates excitations of orders 1 and 2 and the coupling terms in the expressions given in Equations 65 and 67.
By comparing Figures 19 and 21 , it appears that differences between these two cases are the more significant for 0×, 2× and 4× components, whereas the 1× and 3× responses seem to be very similar. It is due to the fact that uncertainties on the angular misalignment are added for case 8: as previously seen, an angular misalignment can affect the 0×, 2× and 4× harmonic components via the expressions of matrices I 2 and I 3 . For the reader comprehension, it can be noted that, a variability of n th order induces a variability of the (n − 2) th th and (n + 2) th orders due to expressions of I 2 and I 3 in Equations (65) and (67).
Orbits
In this part of the paper, results are investigated through the orbits of the shaft in order to understand the dynamic behavior of the shaft with the observation of simple, double or complex loops for different rotor frequencies. Orbits are constructed by using displacements in x-direction and y-direction at the node under study. Figure 22 shows the evolution of orbits at node 6 for various rotation speeds with a set of random parameters defined in case 7. It can be noted that the orbits are presented without the static deflection of the rotor in order to show the complexity of the non-linear response that generally occurs at low amplitudes. 
